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ON THE FINE SELMER GROUP
AHMED MATAR
Abstract. Let E/Q be an elliptic curve, p an odd prime and K∞/K the an-
ticyclotomic Zp-extension of a quadratic imaginary field K. In [2] the author
conjectured that the fine p∞-Selmer group Rp∞ (E/K∞) is confinitely gener-
ated over Zp. In this note we prove this conjecture assuming some hypotheses
on E and p.
1. Introduction
Let K be an imaginary quadratic field with discriminant dK 6= −3,−4 whose
class number we will denote by hK .
Also let p ≥ 3 be a prime and E an elliptic curve of conductor N defined over Q
with a modular parametrization π : X0(N)→ E.
Finally let K∞/K be the anticylotomic Zp-extension of K, Γ = Gal(K∞/K)
and Kn the unique subfield of K∞ containing K such that Gal(Kn/K) ∼= Z/pnZ.
Denote Γn = Γ
pn , Gn = Γ/Γn and Rn = Fp[Gn].
We now define the fine p∞-Selmer group. Let S be a finite set of primes of K
containing all the primes dividing pN . We let KS be the maximal extension of K
unramified outside S. Also let GS(K∞) = Gal(KS/K∞) and SK∞ be the set of
primes of K∞ above those in S. We define the fine p
∞-Selmer group of E/K∞ as
0 −→ Rp∞(E/K∞) −→ H
1(GS(K∞), E[p
∞]) −→
∏
v∈SK∞
H1(K∞,v, E[p
∞])
In [2] we conjectured that Rp∞(E/K∞) is cofinitely generated over Zp. In this
note we prove this under some hypotheses on E and p. We shall say that (E, p)
satisfies (∗) if the following are met:
(i) All the primes dividing N split in K/Q
(ii) p does not divide NdKhKϕ(NdK)
(iii) Gal(Q(E[p])/Q) = GL2(Fp)
(iv) If E has ordinary reduction at p then
(a) p ∤ #E(Fp)
(b) ap 6≡ −1 (mod p) if p is inert in K/Q
(c) ap 6≡ 2 (mod p) if p splits in K/Q
We shall say that (E, π, p) satisfies (∗) if (E, p) satisfies (∗) and furthermore p
does not divide the number of geometrically connected components of the kernel of
π∗ : J0(N)→ E. We will prove the following result
Theorem. If (E, π, p) satisfies (∗) then Rp∞(E/K∞) is cofinitely generated over
Zp
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Assuming that (E, π, p) satisfies (∗) the above theorem implies by the results of
[2] that conjectures A and C of that paper are true. Also as conjecture A implies
the conjecture in [1], therefore theorem B of [1] is now true unconditionally.
We now prove the theorem. Assume that (E, π, p) satisfies (∗). As in [2] section
2.1 choosing an ideal N of OK such that OK/N ∼= Z/NZ allows us to define a
family of Heegner points αn ∈ E(Kn) using the modular parametrization π.
Let Rnαn denote the Rn-submodule of H
1(Kn, E[p]) generated by the image of
αn under the Kummer map
E(Kn)→ H
1(Kn, E[p])
Then also as in [2] section 2.1, we have for m ≥ n an injective restriction map
H1(Kn, E[p]) →֒ H1(Km, E[p]). One can show that when E has ordinary reduction
at p or supersingular reduction at p we have Rnαn ⊆ Rn+2αn+2. This allows us to
construct the direct limit lim
−→
R2nα2n.
Let Λ = Zp[[Γ]] be the Iwasawa algebra attached to K∞/K. Fixing a topological
generator γ ∈ Γ allows us to identify Λ with the power series ring Zp[[T ]]. Also
consider the “mod p” Iwasawa algebra Λ = Λ/pΛ = Fp[[T ]].
We have the following result: As an Λ-module (lim
−→
R2nα2n)
dual is finitely gen-
erated and not torsion. When E has ordinary reduction at p this follows from
theorem 3.1 of [1] and when E has supersingular reduction at p it follows from
theorem 4.1 of the same paper.
Let S be a set of primes of K as above. Suppose that L is a field with K ⊆ L ⊆
KS. We let GS(L) = Gal(KS/L) and SL be the set of primes of L above those in
S. We define the fine p-Selmer group of E/L whose definition may depend on the
set S. It is defined as
0 −→ RSp (E/L) −→ H
1(GS(L), E[p]) −→
∏
v∈SL
H1(Lv, E[p])
We now fix S to be the set of primes ofK dividingNp and defineXSf,p(E/K∞) :=
lim
←−
RSp (E/Kn) where the inverse limit is taken over n with respect to the corestric-
tion maps.
As in section 2.3 of [1] (using the notation in that paper) we will construct map
ψℓ : lim−→H
1(Kn,ℓ, E)[p] → X
S
f,p(E/K∞)
dual as follows: First by Tate local duality
we have an isomorphism
lim
−→
H1(Kn,ℓ, E)[p] ∼= (lim←−
E(Kn,ℓ)/p)
dual
Next for any n we have a restriction map resℓ : R
S
p (E/Kn) → E(Kn,ℓ)/p. Taking
inverse limits gives a map
resℓ : X
S
f,p(E/K∞)→ lim←−
E(Kn,ℓ)/p
Dualizing this map and using the Tate duality isomorphism we get a map
ψℓ : lim−→
H1(Kn,ℓ, E)[p]→ X
S
f,p(E/K∞)
dual
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The map ψℓ we have constructed is similar to the map in [1] but with different
codomain
We now apply the method of proof of theorem A in [1] with lim
−→
R2nα2n and our
map ψℓ. Note that in the proof of theorem A the only place where E has ordinary
reduction at p was used was in the control theorem 2.10. We will not need this
theorem.
We begin with theorem 3.1 of [1]. This theorem is true for our group lim
−→
R2nα2n
by what we mentioned above. Now we follow the remaining steps carefully. Then
choosing an appropriate auxiliary prime ℓ1 allows us to define lim−→
R2nc2n(ℓ1) and
to prove that it is not a cotorsion Λ-module as in proposition 3.2
If we replace the indices n with 2n when constructing direct limits of the groups
Rnαn, resℓRnαn Rncn(ℓ1), resℓRncn(ℓ1), resℓRndn(ℓ) and resℓRndn(ℓℓ1), then
everything follows exactly the same up to proposition 3.6
Proposition 3.6 then states that for any ℓ ∈ L (U) imgψℓ =
ψℓ(lim−→
resℓR2nd2n(ℓℓ1)).
We claim that ψℓ(lim−→
resℓR2nd2n(ℓℓ1)) = 0. This is the main crux of the proof.
We will prove this by the global duality theorem 1.7.3 of [3].
Let n ≥ 1. Taking into account [3] prop. 1.6.8 and the Weil pairing, we apply
theorem 1.7.3 to get the following
Let Σ0 ⊂ Σ be finite sets of primes of Kn. Consider the following localization
maps
SΣ(Kn, E[p])
loc
s
Σ,Σ0−−−−−→
⊕
v∈Σ−Σ0
H1(Kn,v, E)[p]
SΣ0(Kn, E[p])
loc
f
Σ,Σ0−−−−−→
⊕
v∈Σ−Σ0
E(Kn,v)/p
Then the images locfΣ,Σ0(SΣ0(Kn, E[p])) and loc
s
Σ,Σ0(S
Σ(Kn, E[p])) are ortho-
gonal complements with respect to the Tate pairing Σv∈Σ−Σ0〈 , 〉v
The Selmer groups above are defined by the exact sequences
0 −→ SΣ(Kn, E[p]) −→ H
1(Kn, E[p]) −→
∏
v/∈Σ
H1(Kn,v, E)[p]
0 −→ SΣ0(Kn, E[p]) −→ S
Σ0 (Kn, E[p]) −→
∏
v∈Σ0
H1(Kn,v, E[p])
We now choose appropriate sets Σ0 and Σ. Let ℓ ∈ L (U). We let Σ0 be all the
primes of Kn above ℓ1 and Σ be the union of Σ0 together with all the primes of
Kn above ℓ.
We certainly have that RSp (E/Kn) ⊆ SΣ0(Kn, E[p]). Also by property (2) of the
Kolyvagin classes in [1] section 2.2 we have that cn(ℓℓ1) ∈ SΣ(Kn, E[p]).
Therefore for any s ∈ RSp (E/Kn), by the orthogonality result above, we have
Σv∈Σ−Σ0〈loc
f
Σ,Σ0
(s), locsΣ,Σ0(cn(ℓℓ1))〉 = 0.
Using the notation in [1] and by the definition of the Kolyvagin classes we have
that locsΣ,Σ0(cn(ℓℓ1)) = resℓ(dn(ℓℓ1)). Also loc
f
Σ,Σ0
(s) = resℓ(s). Therefore we have
〈resℓ(s), resℓ(dn(ℓℓ1))〉ℓ = 0.
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This implies that by proposition 3.6 we have for any ℓ ∈ L (U) imgψℓ =
ψℓ(lim−→
resℓR2nd2n(ℓℓ1)) = {0}.
The definitions of the sets U and V after proposition 3.3 show that U+ generates
V +. Therefore according to proposition 2.8 imgψℓ = {0} with ℓ ranging over L (U)
generate XSf,p(E/K∞)
dual and so XSf,p(E/K∞) = {0}.
This implies by [2] corollary 2.4 that RSp (E/K∞) is finite. Also by the ar-
gument in the second paragraph of the proof of [2] theorem 3.2 the cokernel of
the natural map RSp (E/K) → Rp∞(E/K∞)[p] is finite. Therefore it follows that
Rp∞(E/K∞)[p] is finite i.e. Rp∞(E/K∞) is cofinitely generated over Zp. This
completes the proof.
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